We perform a detailed investigation of a Grand Unified Theory (GUT)-inspired theory of gauge-Higgs unification. Scanning the model's parameter space with adapted numerical techniques, we contrast the scenario's low energy limit with existing SM and collider search constraints. We discuss potential modifications of di-Higgs phenomenology at hadron colliders as sensitive probes of the gauge-like character of the Higgs self-interactions and find that for phenomenologically viable parameter choices modifications of the order of 20% compared to the SM cross section can be expected. While these modifications are challenging to observe at the LHC, a future 100 TeV hadron collider might be able to constrain the scenario through more precise di-Higgs measurements. We point out alternative signatures that can be employed to constrain this model in the near future.
I. INTRODUCTION
The search for new physics beyond the Standard Model (BSM) is one of the key challenges of the current particle physics programme. Searches for deviations from the SM at large energies, most prominently at the Large Hadron Collider (LHC), which could point us in the direction of a more a fundamental theory of nature have not revealed any statistically significant non-SM effects so far. In turn, the agreement with the SM of a plethora of measurements carried out at the LHC has cemented the SM as a surprisingly accurate electroweak scale description of the theory that completes the SM in the UV.
A final state that is typically highlighted as particularly relevant for the nature of the electroweak scale is multi-Higgs production [1] [2] [3] , which is effectively limited to the analysis of Higgs pair production at both the LHC and future hadron colliders [4, 5] . Generic effective field theory (EFT) deformations can impact the di-Higgs rate dramatically [6, 7] . This raises the question of the expected size of multi-Higgs production in the light of Higgs potential and other constraints (see e.g. [8] ). EFT by construction can only provide limited insight in this context, i.e. constraints are only relevant when they can be meaningfully matched to a more complete UV picture [9] [10] [11] [12] [13] [14] . Analyses of concrete two-Higgs doublet and (next-to-)minimal supersymmetric SM scenarios [15] [16] [17] [18] [19] have shown that once the heavy mass scales are decoupled, the low energy effective theory quickly approaches the SM expectation in these theories. Similar conclusions can be drawn for non-doublet representations see e.g. [20] , and singlet extensions, e.g. [21] .
In this work we take a different approach compared to traditional scalar Higgs sector extensions and consider theories with gauge-Higgs unification [22] [23] [24] [25] [26] . In such scenarios, the self-interactions of the Higgs boson are fundamentally gauge-like. As these scenarios are ef-fective theories in their own right, we base our investigation of the low energy effective interactions on the well-motivated UV constraint of grand unification. Concretely, we consider the SO(11) hybrid Grand Unified Theory (GUT) model in D = 6 of Ref. [27] . To scan the model's parameters quickly, reliably and efficiently, we employ differential evolution techniques [28, 29] specifically tailored to finding phenomenologically viable parameter regions. While we apply our approach to the this concrete theory, our implementation can be straightforwardly extended to other BSM scenarios. 1 This work is organised as follows. In Sec. II, we give a brief overview of the scenario of Ref. [27] to make this paper self-consistent. Here we also introduce the relevant UV parameters that determine the low-energy physics. In Sec. II A, we detail our scan methodology to connect the UV picture with concrete phenomenological implications at the TeV scale. Sec. III details di-Higgs physics for viable parameter choices. On the basis of LHC (and FCC-hh) projections of di-Higgs measurements and our scan results, we identify exotic states that will allow us to directly constrain this scenario in the near future in Sec. III. We offer conclusions in Sec. IV.
II. SO(11) GAUGE-HIGGS UNIFIED GUT

Geometry
The model of Refs. [27, 32] is formulated on a 6D spacetime with hybrid compactification. Concretely, we are working with a generalised Randall-Sundrum metric [33] 
where e −2σ(y) is the warp factor along the compact y direction and η µν = diag(−1, +1, +1, +1) is the flat 4D
branes with a M4×S 1 topology at y = 0, L5. y corresponds to the warped coordinate, and the 5D branes have the extra dimensional flat coordinate corresponding to w ∈ [0, R6]. The blue labels represent the SO(11) symmetry in the 6D bulk, the same manifest UV brane symmetry, and with the effective Pati-Salam (PS) projection that results from the parity assignments intersection GPS ∼ SO(6) × SO(4) = SO(10) ∩ SO(7) × SO(4). The red labels represent the 5D SO(11) spinor scalar field Φ32 that breaks the UV brane symmetry down to SU (5) via a Higgs mechanism, which in turn project the IR brane PS symmetry down to the SM.
Minkowski space-time metric. w denotes the second compactified euclidean coordinate. The two compact directions are referred to as the electroweak (EW) coordinate y ∈ [0, L 5 ] and GUT coordinate w ∈ [0, 2πR 6 ], respectively. Identifying space-time points via a Z 2 transformation as (x µ , y, w) → (x µ , −y, −w), results in an orbifold M 4 × (T 2 /Z 2 ). This space-time supports 5D branes at the orbifold fixed points y = 0, L 5 with an antide Sitter bulk characterised by a cosmological constant Λ = −10k 2 . Rewriting the metric in terms of the conformal coordinate z = e ky , we have two associated mass scales
which are defined in terms of the first non-zero mass solution of the photon Kaluza-Klein (KK) tower with m KK5 ∼ O(10) TeV, and the first non-zero mass mode along the GUT coordinate with m KK6 ∼ O(M GUT ). The mass scales for the different fields are set by their parity assignments along either the EW or GUT dimension ( Fig. 1 ). Throughout this paper we will assume that there is a large scale separation m KK6 m KK5 (for a qualitative approximation we set M GUT = 10 16 GeV in the following).
Matter content and interactions
The matter content of the model consists of 6D and 5D fields. The 6D matter fields are bulk fields and have a manifest SO(11) gauge symmetry,
where the 32, 11 subscripts represent the spinorial and vectorial representations of SO (11) , and α, β stand for generational indices, with α = 1, 2, 3, 4, β = 1, 2, 3. The 5D fields are confined to the UV brane at y = 0, have a manifest SO(11) gauge symmetry, and consist of:
where the 1 subscript stands for the singlet representation. The matter fields come into effect via bulk and UV brane actions which have the general form
where √ −G = 1/(kz 6 ). Starting of with the 6D Lagrangian, the gauge sector has the usual form for a Yang-Mills theory, accompanied by a gauge fixing term and ghost fields
The bulk 6D action for the fermions is
for the fermions in their respective representation along with the generational index included in the covariant derivative definition (e.g. [27] ).
The brane-localised scalar in the spinorial representation Φ 32 (x, w) has a Higgs-like scalar potential
λ, |r| determine the vacuum expectation value (VEV) that Φ 32 (x, w) develops along the SU (5) direction. This is then responsible for the breaking of the SO(11) gauge symmetry on the UV brane.
On the same 5D brane, we have the brane symplectic Majorana fermions χ β 1 (x, w), which facilitate the 6D seesaw mechanism [32] via
where M ββ is a constant matrix. Finally we have the Lagrangian terms that specify the coupling between the bulk 6D fermions and the 5D fields on the SO(11) brane which induce effective Dirichlet boundary conditions, and lift the mass degeneracy of the quark and lepton sector on the IR brane. The brane-localised action contains eight allowed couplings between Φ 32 , Ψ 32 , Ψ 11 which are consistent with gauge symmetry, parity assignments and keeping the action dimensionless.
Symmetry Breaking
Symmetry breaking in this model consists of 3 stages which break SO(11) down to SU (3) C × U (1) EM on the IR brane: 1) Symmetry breaking via orbifold parity assignments, which break SO(11) to the Pati-Salam [34] group
2) Symmetry breaking via 5D brane interactions between the bulk gauge fields and Φ 32 , which break the SO(11) symmetry down to SU (5) on the UV brane. The zero mode spectrum on the IR brane has a SM symmetry content SU (5) ∩ G PS = G SM .
3) Hosotani breaking [35] [36] [37] , which acts as the electroweak symmetry breaking mechanism on the IR brane, breaking G SM to SU (3) C × U (1) EM through a non-vanishing expectation value θ H of the associated Wilson loop. More specifically this happens through the A z component of the gauge field, which is a bi-doublet under the SU (2) L × SU (2) R and therefore plays the role of the usual SM Higgs boson [38] .
Effective Higgs Potential
The equations of motion for the relevant towers, and how they relate to SU (3) C × U (1) EM via the twisted gauge imposed by the Hosotani mechanism, along with the computation of the effective potential is summarised in Appendix 1.
The free parameter set in charge of controlling the solution space consists of
k is the AdS 5 curvature, z L the warp factor, c 0 , c 1 , c 2 , c 0 are the fermion bulk masses along the warped dimension y; µ 1 ,μ 2 , µ 11 , µ 11 are couplings localised on the 5D UV brane (at y = 0 in Fig. 1 ) between the 5D scalar Φ 32 and the bulk fermion fields Ψ α 32 , Ψ β 11 , Ψ β 11 , which have the effect of reducing the PS symmetry down to the SM on the IR brane. Finally M, m B are 5D Majorana masses confined to the UV brane. All remaining parameters (see Sec. II) are not relevant for the gauge boson and fermion equations of motion and, hence, do not impact our analysis.
The parameters determine the dynamical value of order parameter θ H for electroweak symmetry breaking following the Hosotani mechanism. The shape of the effective potential V eff (θ H ) is sculpted by the bosonic and fermionic contributions. Following [27] , we focus on the 3rd generation, and identify
We have also set m B , M to the sample values stated by the authors in the original paper, M = −10 7 GeV, m B = 1.145 · 10 12 GeV, which is done to simplify the analysis and ensure the correct order of magnitude for neutrino masses (i.e. < 0.1 eV).
The effective Higgs potential consists of the fermionic and bosonic contributions V eff (θ H ) = V Bosons eff +V Fermions eff , arising from the relevant KK towers. For the explicit form of the contributions we refer the reader to the effective potential section in [27] . The mass of the Higgs boson is given by the second derivative of the effective potential
where
Similarly, the trilinear coupling of the Higgs τ H , consists of the third derivative of the Higgs effective potential, which is then weighted by an appropriate power of f H ,
Note that the Higgs potential is flat at tree level and is fully determined by the 1-loop radiative contributions.
A. Consistent Parameter Regions
We now move on to the exploration of the model's low energy effective theory. This is done in a stochastic fashion, by randomly sampling the parameter space, finding the corresponding effective Higgs potential, and its minimum, which is then used to numerically solve the tower equations (appendix 1).
In a first attempt to obtain phenomenologically viable parameter points, we uniformly random sample a parameter space point from our set of input parameters, P = {p i }, from within the corresponding bounds
. We then pass it through our coupling and mass spectrum computation to obtain the spectrum and relevant couplings and check its compatibility with SM constraints. Issues with uniform sampling along these lines arise when points require significant computation time only to find that they are in conflict with SM constraints and collider measurements. To reconcile this, at least in parts, it turns out to be convenient to split the parameter set into two stages
This choice enables us to pre-sample points, which directly reflect experimental constraints on the Kaluza Klein mass scale of 4.1 TeV [39] 
The scan over the remaining parameters P 2 is then performed within their respective boundaries.
In first instance, we define a set of general bounds
Similarly, we define the more restricted parameter range P extSol bounds which is obtained by forming an appropriate extension from the sample solutions' parameters presented in Ref. [27] P extSol bounds = k ∈ [10 5 GeV, 5 · 10 5 GeV], z L ∈ [30, 60] ,
In particular, we consider wide z, k intervals. The latter criteria give rise to an adequate number of trial solutions. However, most of these are phenomenologically ruled out as they typically do not reproduce the SM mass spectrum, predominantly due to θ H 0 and periodic solutions. This behaviour is well-known from composite Higgs scenarios [40] [41] [42] [43] [44] [45] (which are dual to the D > 4 formulation in the sense of the AdS/CFT correspondence [46] [47] [48] ) where some fine-tuning is required to lift the Higgs mass and create a large mass gap between the electroweak scale and the UV composite scale. Yet, through the use of adapted techniques we can approach physically viable solutions for large ad-hoc parameter windows.
To identify the phenomenologically acceptable solutions we employ differential evolution [28, 29] based on a global χ 2 G that parametrises the goodness of fit of the generated points given the experimental observations. χ 2 G is defined as the unweighted sum of χ 2 i terms [54] for the Higgs boson H [55] , the W ± bosons, the top quark t, the bottom quark b, and the tau lepton τ . We include a "theoretical" error to widen the parameter windows to discuss the phenomenological outcome in more detail below. The Z mass is obtained through the Weinberg angle, which we use as an input.
where C = {H, W ± , t, b, τ } for our purposes. m i is the central value of the masses being probed, m Gen i is the generated mass given the parameter input, σ Exp i are the experimental uncertainties. We also introduce a "theoretical uncertainty" σ Th i of 1%, see Tab. I, to account for the RGE and threshold effects in the masses that we neglect. We also do not consider electroweak radiative corrections that affect input parameter relations. Both effects are usually small, see e.g. Ref. [49] [50] [51] [52] . We note that in the context of GUTs a special role is played by the Weinberg angle that we use as theoretical input to our scan (from which follows the Z mass through SM relations). 2 From the point of view of the infrared theory, in addition to the constrained SM masses, we need to reflect exclusion constraints from existing LHC searches that are relevant for the low energy spectrum of the model. As the most limiting searches, we include exotic quark searches [56] , Z searches [57] as well as exotic charged lepton searches [58] to constrain the first non-SM KK states. By taking the aforementioned exclusion constraints at face value, if a parameter choice is conflict with any of these searches, we reject the point directly.
We deem a point as "SM-like" when its χ 2 G falls within the 95% confidence limit bound for our degrees of freedom which selects a region
We can now consider χ 2 G as a cost function and look for points in the parameter space that minimise it. In addition, the χ 2 G evaluation can be time-consuming and can suffer from numerical singularities which makes the minimisation non-trivial. To more efficiently explore the parameter space, and find relevant solutions, we employ the differential evolution algorithm introduced by Storn and Price in Ref. [28] (see also [29] ). The algorithm uses the initial set of trial points described above to generate points that iteratively minimise the χ 2 G cost function. The stochastic algorithm consists of four stages: initialisation, mutation, recombination, and selection. It is designed as a parallelisable algorithm based on selection via a so-called "greedy criterion". Mutation, recombination and selection are then performed until we sufficiently minimise the cost function. Performing these routines is then referred to, as going through a generation, where we label the generation number with G. We briefly outline the algorithm:
• In the initialisation stage we randomly partition our initial population into subsets consisting of N P points. Each subpopulation is then treated separately, enabling (pseudo-)parallelisation of the algorithm. Each of the points has associated a |P| = 10 dimensional parameter vector p G , formed by the corresponding point's parameter values.
• During the mutation stage we aim to generate a new parameter vector which will be used to generate a new point with smaller χ 2 G value. In this stage, we cycle through the points of the partition picking a random target point alongside three other distinct parameter points called "donor points". We label the target point parameter vector as p G t , and the donor points parameter vectors as p d1 , p d2 , p d3 . From the 3 points we then form a "mutation" p G m by combining the parameter vectors,
where F ∈ [0, 2] is a constant amplification factor to be set by the user.
• Recombination then aims to keep successfully minimised solutions of the current generation and improve on them by combining the target and the mutated points. The combination works as follows: To ensure that we have at least one component arising from the mutation vector we pick one parameter of the mutated vector p G m at random. The remaining parameters are adopted from the target vector p G t , however we replace the ith component with the corresponding mutated entry with a uniform probability steered by a tunable decision factor C R . This results in a combined parameter vector p G c . • In the last stage, selection, we compare the target p G t and the candidate point p G c by evaluating and comparing their respective cost function values. We admit to the new generation G + 1 the point with the lowest cost function value. This is the admission via the "greedy criterion".
Mutation, recombination and selection are performed until we have treated all points within a generation as a target, which in turn determines the next generation. We 13), after which we terminate the thread. Note that this run was ended prematurely for Threads 5, 4, 3, 6, leading to non-SM solutions.
keep iterating through generations until the cost function hits the threshold of a point being SM-like like, specified by Eq. (13) , or abort the process if no viable solution is obtained. This numerically minimises the cost function.
In obtaining results, the differential evolution parameters N P , F, C R play important roles for convergence and its speed. Tuning F, C R to the problem at hand needs to be balanced against the population number N P . By optimising these meta-parameters we can obtain adequate mutation and recombination rate which enables reliable convergence. For the extended parameter range P extSol bounds , and method laid out in Sec. II A, the choices N P = 12, C R = 0.2368, F = 0.6702, (15) are appropriate (see also Ref. [59] ). We obtain χ 2 G 20 from an initial value of ∼ 10 7 using on average ∼ 10 4 generations (see Fig. 2 ).
B. Mass spectra
Employing the algorithm detailed in the previous section we can produce the consistent mass spectrum depicted show in Fig. 3 . Direct LHC searches and our χ 2 G measure then reduce the viable solution space to the points highlighted as hexagons in Fig. 3 , which serve as the basis of our discussion. From this we observe values of the order parameter θ H 0.2, which ensure a minimal deviations from the SM phenomenological values (see [60] ). Given that we require consistency with the observed Higgs mass, the theory cannot approach the decoupling limit. In other words, the AdS/CFT dual of the symmetry-breaking Wilson loop becomes a Goldstone field if we send the UV cut-off to infinity. Therefore, a large mass gap between the KK scale and the Higgs mass is also not straightforward to achieve, which provides another motivation to implement the targeted numerical techniques detailed above. The differential evolution converges to solutions with a relatively low KK scale M KK5 for which the points are not yet excluded.
III. LOW ENERGY PHENOMENOLOGY IMPLICATIONS
Di-Higgs physics
We turn to the discussion of the low energy implications of the model that is now consistent with the SM mass spectrum. The implications for single Higgs physics (we denote the physical Higgs by h) have been discussed in Ref. [61] (see also Ref. [62] ), where it was shown that the model's single Higgs phenomenology is largely SMlike as a consequence of alternating contributions to the H → gg, γγ decay (and production) loops. This is ultimately rooted in higher dimensional gauge invariance. Such a cancellation is broken in multi-Higgs final states and we therefore focus on this particular channel as a potentially sensitive probe of the model.
A recent projection by CMS [63] suggests that a sensitivity to −0.18 ≤ λ 95% CL SM /λ SM ≤ 3.6 can be achieved, which corresponds to a gluon fusion cross section extraction of 0.85 ≤ σ(HH)/σ(HH) SM ≤ 2.39 when assuming SM interactions. The inclusive SM di-Higgs cross section at the LHC is about 32 fb [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] . At a future FCC-hh, which is specifically motivated from a di-Higgs phenomenology perspective through the large inclusive cross section of 1.2 pb [71] , this could be improved to σ(HH)/σ(HH) SM [0.958, 1.044], Ref. [74] (see also [75] [76] [77] [78] [79] [80] [81] the Higgs mass, this correlation becomes modified in the present scenario. This extends to the top quark mass correlation with the vacuum expectation value, i.e. the top quark Yukawa coupling can be modified compared to the SM [82] . Both these effects are relevant for di-Higgs production and we include them to a one-loop computation of gg → HH production [1, 3, 83] . We furthermore estimate the importance of the heavier states that arise in this scenario by means of the low energy effective theorem, but find that they do not significantly impact our result and their contribution is in the percent-range, below the expected theoretical uncertainty. In the following we will therefore focus on modifications of the cross section due to modifications away from SM parameters only.
The results are summarised in Figs. 6 and 7, from which we can see that the highlighted points have a slightly larger production cross section with respect to the SM, and are consistent with the experimental values of the Higgs and top quarks masses along with the experimental and theoretical uncertainties. We observe that modifications of Higgs pair production 20% are possible in this model for our scan results. Plotting the two sensitivity bands corresponding to the CMS and FCC-hh predictions in Figs. 4 and 5, respectively, we see that some parameter points can indeed be excluded through di-Higgs analyses at future collider experiments. Given the relatively small modification of di-Higgs production (which combines with similar observations for single Higgs final states [61] ), a more target approach to constrain this model in the near future is through its lowest lying KK resonances. 
Exotics
We now look at the states present in the low energy description that can act as a direct probe of the model. After excluding the points that fell short of the LHC cuts specified in Sec. II A, we plot the lowest lying exotic mode m ξ (ξ = ψ D , τ (1) , b (1) ) in Fig. 8 ; the lowest lying non-SM modes of the bottom quark, tau lepton and the "dark fermion" serve as the next accessible states. We neglect the first excited state of the top quark as it is much heavier than the other exotic states. We can see that most of the viable parameter space points predict that these states lie within the 1 TeV to 2 TeV range, which should make them accessible by the current colliders via the ongoing searches, which we have highlighted in II A. For the hexagonal points the next accessible state is either the first excitation of the tau lepton or the bottom quark, with the mass correlations plotted in Fig. 9 . This shows that searches for excited leptons and quarks as they are already pursued by the LHC experiments are crucial tools in further constraining this model.
IV. SUMMARY AND CONCLUSIONS
New physics beyond the Standard Model remains a priority of the current theory and collider phenomenology programme. Efforts split into the study of concrete scenarios as well as more generic approaches to BSM physics using EFT methods. Concrete UV scenarios, typically contain a vast space of parameters that need to be efficiently sampled to obtain consistent solutions in a fast reliable way. In this paper we have applied differential evolution to a SO(11) gauge-Higgs unified GUT theory to obtain solutions that are consistent with constraints on the heavy SM states and relevant existing direct collider searches. The efficient way of sampling allows us to widen the UV parameter region, thus considering a more general set of solutions than considered in the literature so far.
As a missing piece of information in the context of this model, we specifically discuss the prospects of di-Higgs production and the model-associated modifications to the inclusive cross section that can be expected. We find that O(20%) deviations for the SM can be observed in the light of the constraints that we apply to the model at the TeV scale. This deviation is too small to be a decisive tool in indirectly discovering this model at the LHC, given the latest sensitivity projections provided by CMS [63] . Projections for a potential future FCC-hh [74] suggest that some sensitivity can be gained in the di-Higgs modes, however, the most discriminative power lies in the search for the non-SM exotic states. These are loosely bound to the 5D KK scale and thus fall within the capability of a (high luminosity) LHC unless the model is tuned in such a way that the TeV scale becomes vastly separated from the KK scale. On the basis of our scans we identify the first excitations bottom quark and tau lepton towers as relevant exotic states as ideal candidates for this scenario. The effective potential V eff (θ H ), and the relevant fields are determined by the KK tower equations which have an explicit θ H dependence. To this extent, the bosonic and fermionic sector consists of where the λ i refer to the KK mass eigenstates of the re-spective fields that are determined through the above system of equations. θ H is the value of the Higgs minimum. S, C are boson-related Bessel functions encountered in warped backgrounds evaluated at z = 1. Similarly S L , S R , C R , C L (z, λ, c) are the fermion-related Bessel functions evaluated at z = 1 for the various fermionic bulk masses c. The other parameters are detailed in Sec. II A. For the explicit form of the functions see [27, 84] . The solutions of the system above yields the mass spectra for the various fields as functions of the curvature m n (θ H ) = λ n k. The one loop effective potential resulting from the KK tower contributions with mass is given by,
where the ± sign is related to bosonic/fermionic contributions. The above can be recast by rewriting the tower of Eq. (16) in the form,
where we also define Q(q) =Q(iqz −1 L ). This in turn recasts the contributions in the general form,
where a is a field specific constant that accounts for the degrees of freedom. For bosons this also implies a gauge fixing term ξ, while for fermions it takes into account the Dirac components of the towers and their colour charges.
To be able to find the mass spectra of the model we need to compute the minimum of the potential θ H . This is done in via numerical integration of the various contributions. The contributions are expressed in the R ξ = 0 gauge, and come from all the fields that have 0 modes for both the 5th and 6th dimension and have an explicit θ H dependence.
The effective potential consists of bosonic and fermionic contributions and has the form, Note that we include the 2nd neutrino sector in the effective potential contribution, but neglect exploring the mass spectrum. For the explicit form of the contributions see [27] .
